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Probabilistic Modelling of Variation in
FGMOSFET Devices

Rawid Banchuin1 and Roungsan Chaisricharoen2 , Non-members

ABSTRACT

The analytical probabilistic modelling of random
variation in the drain current of a Floating-Gate
MOSFET (FGMOSFET) induced by manufacturing
process variations has been performed. Both triode
and saturation region operated FGMOSFETs have
been considered. The results have been found to be
very efficient since they can accurately fit the prob-
abilistic distributions of normalized random drain
current variations of the candidate triode and sat-
uration FGMOSFETs obtained using the 0.25µm
level BSIM3v3 based Monte-Carlo SPICE simula-
tions, where the variation of the saturation FGMOS-
FET has been found to be more severe. These results
also satisfy the goodness of fit test at a very high level
of confidence and more accurately than the results of
the previous probabilistic modelling attempts.

Using our results, many statistical parameters,
probabilities and the objective functions, which are
useful in statistical/variability aware analysis and de-
sign involving FGMOSFETs can be formulated. The
impact of drain current variation upon the design
trade-offs can be studied. It has been found that
the occurrence of the drain current variation is ab-
solutely certain. Moreover, the analytical proba-
bilistic modelling and computationally efficient sta-
tistical/variability aware simulation of FGMOSFET
based circuits can also be performed.

Keywords: FGMOSFET, Probabilistic Modelling,
Saturation Region, Statistical/variability Aware
Analysis and Design, Triode Region

1. INTRODUCTION

FGMOSFET devices have been widely utilized in
various analog/digital circuits and systems [1-14]. As
with conventional MOSFETs, the performance of
FGMOSFET based circuits and systems are dete-
riorated by circuit level random variations induced
by variations in manufacturing processes, random
dopant fluctuation, lithographic variation, variation
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in contact resistance and line edge roughness, among
other factors. To handle these difficulties, the design
of many FGMOSFET based circuits and systems has
been done using the concept of statistical/variability
aware design as proposed in numerous studies [4], [15-
21].

The key circuit level parameter of both ordinary
MOSFET and FGMOSFET devices is their drain cur-
rent, ID, because the variations in other parameters
can be conveniently determined using the variation in
ID. Using ∆ID as a basis, analytical modelling of the
∆ID of a single transistor has been done in previous
studies [22-23]. The obtained results are generic as
they are applicable to any circuit and system. Mod-
elling of the variation in any circuit level parameter
can be done for statistical/variability aware analysis
and design. Unfortunately, generic single transistor
based studies have focused on ordinary MOSFET de-
vices. Alternatively, most of the previous studies on
the variability of FGMOSFET devices [24-32] have
been done in a case by case manner focusing only on
corresponding FGMOSFET based circuits. So, these
results are not generic as they are applicable only to
specific circuits. Later, analytical modelling of ∆ID
for a single FGMOSFET device was done [33-34].
However, the resulting model in [33] was expressed
in terms of the variance of ∆ID, which gives no in-
formation other than the magnitude of ∆ID. Other
useful information was not expressed, e.g., the prob-
ability of obtaining either a certain value or interval
of ∆ID and statistical parameters such as the mean
and second moment. The model proposed in [34] is in
terms of a probability density function of the normal-
ized value of ∆ID. This is able to yield much useful
information apart from the variance after applying a
probability density function. However, only a FG-
MOSFET operated in the saturation region has been
considered while the short channel effects have been
overlooked.

Hence, analytical probabilistic modelling of ∆ID
for a single FGMOSFET was performed in this re-
search. The results were generated using a proba-
bility density function of ∆ID/ID. This was chosen
as it is a convenient dimensionless quantity. Unlike
previous work [34], both triode and saturation region
operated FGMOSFET devices were considered and
their short channel effects were taken into account.
Therefore, this work is more complete, detailed and
accurate that earlier studies. Compared to the model
proposed in [33], which deals only with variances, the
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resulting models of this work can give more useful
information as it is in terms of probability density
functions. Many useful statistical parameters and
probabilities have been formulated using our model,
emphasizing this point. The modelling process of
this work has taken variations in the manufacturing
process into account regarding a single FGMOSFET.
Therefore, the resulting models are generic and can
be extensively applied to any FGMOSFET associated
circuit or system. These models are also very accu-
rate. They can fit the probabilistic distributions of
∆ID/ID for the candidate triode and saturation FG-
MOSFETs of both N-type and P type devices ob-
tained using Monte-Carlo SPICE simulations based
on BSIM3v3 at a 0.25µm level with high accuracy.
In these cases, it was found that the saturation vari-
ation of a FGMOSFET is more severe than that of
a triode device. They also satisfy the goodness of fit
test at a 99% confidence level. As the formerly over-
looked short channel effects have been now taken into
account, our probabilistic model for a saturation FG-
MOSFET is even more accurate than that proposed
in [34].

With the statistical parameters and probabilities
obtained by using our modelling results, the impact
of ∆ID upon the design trade-offs associated with
FGMOSFET devices can be studied and objective
functions that support statistical/variability aware
analysis and design can be formulated. It has also
been mathematically shown that the occurrence of
∆ID is absolutely certain, which emphasizes the ne-
cessity of our work. Moreover, analytical probabilis-
tic modelling and computationally efficient statisti-
cal/variability aware numerical analysis of FGMOS-
FET based circuits can be performed. In the sub-
sequent section, an overview of FGMOSFET devices
will be briefly given.

2. PROBLEM OF CONVENTIONAL ONE-
TAP MMSE-FDE FOR DFTS-OFDM SIG-
NAL

FGMOSFET is a special type of MOSFET de-
vice with an additional gate that is completely iso-
lated within the oxide, namely a floating gate [11],
[34]. A cross sectional view, symbol and equivalent
circuit model of an N-type FGMOSFET with N in-
puts is depicted in Figs. 1-3 [11], [34]. If we let
{i} = {1, 2, 3, . . . , N}, it can be seen that Ci denotes
the capacitance between any ith input and the float-
ing gate. Moreover, the capacitive coupling ratio of
any ith input (ki) [2], [11], [34], can be defined as:

ki =
Ci

N∑
i=1

Ci

(1)

Since ID of the FGMOSFET in any region can be
obtained by simply replacing the gate to source volt-

Fig.1: A cross sectional view of an N-type N inputs
FGMOSFET [11], [34].

Fig.2: A symbol of an N-type N inputs FGMOSFET
[34].

Fig.3: An equivalent circuit model of an N-type N
inputs FGMOSFET [34].

age term in the drain current equation of an ordinary
MOSFET device in that region with a floating gate
to source voltage, VFGS can be given by:

VFGS =

N∑
i=1

kiVi − VS (2)

where Vi and VS denote the voltage at any ith

input of the FGMOSFET and the source terminal
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voltage respectively. ID of the triode and saturation
region operated FGMOSFET with short channel ef-
fects taken into account can be respectively given as
follows:

ID =µCox
W

L
[1− θ(

N∑
i=1

kiVi − VS − Vt)]

× [(
N∑
i=1

kiVi − VS − Vt)VDS − 1

2
V 2
DS ]

(3)

ID =
µ

2
Cox

W

L
[1− θ(

N∑
i=1

kiVi − VS − Vt)]

× (

N∑
i=1

kiVi − VS − Vt)
2(1 + λVDS)

(4)

where µ, λ, θ, Cox, Vt,W and L represent the mo-
bility of the carriers, channel length modulation co-
efficient, mobility degradation coefficient, gate oxide
capacitance per unit area, threshold voltage, channel
width and channel length, respectively. It is notable
that the linearly approximated mobility degradation
model [33] was used in the formulation of equations
(3) and (4) for simplicity. In the subsequent section,
our proposed analytical probabilistic modelling will
be given.

3. THE ANALYTICAL PROBABILISTIC
MODELING

Firstly, ∆ID/ID must be defined. By taking the
manufacturing process variations into account, ran-
dom fluctuations in device level parameters, e.g.,
µ, Vt,W and L, among others, exist and cause fluc-
tuation in the drain current. Thus ∆ID/ID can be
defined for any region of operation as:

∆ID
ID

∆
=

ID − ID,ideal

ID,ideal
(5)

where ID,ideal denotes the ideal drain current in
which the physical level nonidealities have been ne-
glected. In the following subsection, the analytical
probabilistic modelling of a triode region FGMOS-
FET is presented.

3.1 The modelling of triode region operated
FGMOSFET

It should be noted here that intrinsic manufactur-
ing process variations are emphasized as they are di-
rectly caused by the physical limits of the device [35].
These are intrinsic to the basic technology [36]. More-
over, the key intrinsic manufacturing process varia-
tions are random dopant fluctuation and line edge
roughness [36]. These induce threshold voltage varia-
tions [35], [36]. As a result, such device level random

variations assume a Gaussian distribution and have
been found to be dominant. Thus ∆ID/ID of the
FGMOSFET in the triode region can be analytically
given using equations (3), (5) and the physical level
parameters used by [37] are as follows:

∆ID
ID

={θ[1− θ(

N∑
i=1

kiVi − VS − Vt)]
−1 − VDS [(

N∑
i=1

kiVi − VS − Vt)VDS − 1

2
V 2
DS ]

−1}

× (Vt − qNsubWdepC
−1
inv − VFB − 2ϕF )

(6)

where Cinv, Nsub, VFB , Wdep and ϕF denote ca-
pacitance of the inversion layer, substrate dopant con-
centration, flat band voltage, width of the depletion
layer and the Fermi potential. These are physical
level parameters. Moreover, Vt now randomly fluctu-
ates.

For deriving the probability density function of
∆ID/ID i.e., f(δID/ID), where δID/ID represents
the corresponding sample variable, the often cited an-
alytical model of device level random variation [37],
[38] was adopted. As a result, f(δID/ID) can be given
by equation (6) and the adopted model is as follows:

f(
δID
ID

)=

√√√√√√√√√
3WLC2

inv{θ[1−θ(
N∑

i=1

kiVi−VS−Vt)]
−1

−VDS [(
N∑

i=1
kiVi−VS−Vt)VDS− 1

2
V 2
DS ]−1}−2

2πNsubWdepq2

(7)

3WLC2
inv{{θ[1−θ(

N∑
i=1

kiVi−VS−Vt)]
−1

× exp[−
−VDS [(

N∑
i=1

kiVi−VS−Vt)VDS− 1
2
V 2
DS ]−1}−1(δID/ID)}2

2NsubWdepq2
]

In the next subsection, the modelling of a FGMOS-
FET device in the saturation region will be presented.

3.2 The modelling of saturation region oper-
ated FGMOSFET

For a FGMOSFET in the saturation region,
∆ID/ID can be given in a similar manner to that of a
FGMOSFET in the triode region, but using equation
(4) as a basis instead of (3). Thus we obtain:

∆ID
ID

={θ[1− θ(

N∑
i=1

kiVi − VS − Vt)]
−1 − 2(

N∑
i=1

kiVi − VS − Vt)
−1}

× (Vt − qNsubWdepC
−1
inv − VFB − 2ϕF )

(8)

As a result, f(δID/ID) of the saturation FGMOS-
FET can be given by equation (8) and a similar ap-
proach to that of the triode FGMOSFET as follows:

f(
δID
ID

)=

√√√√√√ 3WLC2
inv

{θ[1−θ(
N∑

i=1
kiVi−VS−Vt)]

−1−2(
N∑

i=1
kiVi−VS−Vt)

−1}2

2πNsubWdepq2

(9)
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3WLC2
inv{{θ[1−θ(

N∑
i=1

kiVi−VS−Vt)]
−1

× exp[−
−2(

N∑
i=1

kiVi−VS−Vt)
−1}−1(δID/ID)}2

2NsubWdepq2
]

Since the short channel effects have now been con-
sidered, the resulting f(δID/ID) of the saturation
FGMOSFET is more detailed and thus more accu-
rate than that proposed in [34]. This will be shown
in the subsequent section where verification of our
analytical modelling results is presented.

4. VERIFICATION OF THE MODELING
RESULTS

As a comparison to [34], our verification was per-
formed based on the 0.25 µm level CMOS process
technology of TSMC. For simplicity, the candidate
FGMOSFET was chosen from two inputs types. It
should be noted that the modelling of a FGMOSFET
for simulation was done based on the equivalent FG-
MOSFET circuit in Fig. 3. Modelling of the core
MOSFET was achieved using BSIM3v3. The simu-
lation methodology proposed in [39] was adopted for
solving the convergence problem. The necessary pa-
rameters were extracted by MOSIS. A nominal L of
0.25 µm along with a nominal W/L of 20/0.25 was
chosen. Of course, both NMOS and PMOS techno-
logical bases were considered.

Similar to [34], verification was performed in both
qualitative and quantitative aspects. In the quali-
tative sense, graphical plots of f(δID/ID) of triode
and saturation FGMOSFETs, which are the results of
the analytical probabilistic modelling, were compared
to those of the candidate triode and saturation FG-
MOSFETs based upon the probability distribution of
∆ID/ID, and f ′(δID/ID) obtained from Monte-Carlo
SPICE simulations with 3000 runs. Concerning the
quantitative aspects, the Kolmogorov-Smirnof test,
i.e., the KS-test, is a powerful goodness of fit mea-
sure [40], [41] that was used with a 99% confidence
level. According to [40] and [41], the objective of the
KS-test is to perform a comparison of the KS-test
statistic, KS and the critical value, c, where it can
be stated that any model can accurately fit its target
data set if and only if KS ≤ c. For this research,
KS can be defined as:

KS = max
δID/ID

[|F ′(
δID
ID

)| − |F (
δID
ID

)|] (10)

where,

F (
δID
ID

) =

δID/ID∫
−∞

f(x)dx (11)

F ′(
δID
ID

) =

δID/ID∫
−∞

f ′(x)dx (12)

Since the confidence level of the test was 99%, c
can be given by equation [41]:

c =
1.63√

n
(13)

where n denotes the number of runs for the Monte-
Carlo SPICE analysis, i.e., 3000, as previously stated.
Thus, c = 0.0297596. In the upcoming subsections,
verification of the triode and saturation FGMOSFET
based modelling results will be given.

4.1 Verification of the triode FGMOSFET
based result

The graphical comparisons of f(δID/ID) for the
triode region FGMOSFET given by equation (7) with
N = 2 as a candidate FGMOSFET, has two inputs.
f ′(δID/ID) obtained using the candidate triode re-
gion FGMOSFET is depicted in Fig. 4 and Fig. 5 for
and N type and P-type FGMOSFETs, respectively,
where ∆ID/ID is dimensionless and is expressed as a
percentage. It can be seen that there is strong agree-
ment between f(δID/ID) values obtained from the
analytical probabilistic modelling and f ′(δID/ID) ob-
tained from the candidate FGMOSFET.

Moreover, it can be seen that the resulting KS ob-
tained using equation (7) with N = 2 for determining
can be found as KS = 0.01935 and KS = 0.01873 for
N type and P-type FGMOSFETs, respectively. Both
were lower than c = 0.0297596, which means that
our derived f(δID/ID) of the FGMOSFET in the tri-
ode region can fit the candidate triode FGMOSFET
based data with 99% confidence. These KS-test re-
sults and the aforementioned strong agreement in the
comparative plots verify the accuracy of our triode
region analytical probabilistic modelling.

Fig.4: N-type triode FGMOSFET based compara-
tive plots of f(δID/ID) (line) and f ′(δID/ID) (his-
togram).

4.2 Verification of the saturation FGMOS-
FET based result

For the FGMOSFET in saturation, the compara-
tive plots of f(δID/ID) given by equation (9) with
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Fig.5: P-type triode FGMOSFET based compara-
tive plots of f(δID/ID) (line) and f ′(δID/ID) (his-
togram).

N = 2 and f ′(δIDID) obtained using the candidate
saturation FGMOSFET are depicted in Figs. 6 and
7 for N-type and P-type devices, respectively, where
∆ID/ID is expressed as a percentage. From these
figures, strong agreement between f(δID/ID) and
f ′(δID/ID) can be observed. Moreover, it has been
found that that the variation of the saturation FG-
MOSFET was more severe than that of the device in
the triode region as indicated by the more dispersed
distributions of ∆ID/ID of the saturation FGMOS-
FET.

Using equation (9) with N = 2 for determining
F (δID/ID), the resulting KS values for N-type and
P-type FGMOSFETs were found to beKS = 0.02013
andKS = 0.01895, respectively, which are both lower
than c = 0.0297596. This means that our derived
f(δID/ID) of the saturation FGMOSFET can fit the
candidate saturation FGMOSFET based data with
99% confidence. The strong agreement in the com-
parative plots and the KS-test results verify the ac-
curacy of our saturation region analytical probabilis-
tic modelling. Since the above KS values are lower
than those of previous modelling results [34], where
KS = 0.02823 and KS = 0.02619 for N-type and P-
type FGMOSFETs, respectively, it can be seen that
our saturation region modelling results are more ac-
curate.

5. THE APPLICATIONS

Unlike the previous variance term models [33],
many statistical parameters and probabilities associ-
ated with ∆ID can be formulated for both the triode
and saturation region operated FGMOSFETs using
our modelling results. This is because they are in
terms of probability density functions. With these
parameters and probabilities, it has been mathemati-
cally shown that the occurrence of ∆ID is absolutely
certain, the impact of ∆ID to the design trade-offs
associated with FGMOSFET can be studied and ob-
jective functions conducive to statistical/variability

Fig.6: N-type saturation FGMOSFET based com-
parative plots of f(δID/ID) (line) and f ′(δID/ID)
(histogram).

Fig.7: P-type saturation FGMOSFET based com-
parative plots of f(δID/ID) (line) and f ′(δID/ID)
(histogram) .

aware analysis and design can be obtained. More-
over, analytical probabilistic modelling and computa-
tionally efficient statistical/variability aware numeri-
cal simulation of the FGMOSFET based circuits can
also be performed. These applications of our mod-
elling results will be subsequently presented in this
section.

5.1 Formulation of statistical parameters and
the related objective functions

Using our f(δID/ID), statistical parameters of
∆ID/ID such as average, median and variance can
be analytically obtained for FGMOSFETs in both the
triode and saturation regions. To do so, conventional
statistical mathematics must be applied. For exam-
ple, the average of ∆ID/ID i.e. ∆ID/ID, i.e., its first
moment, can be mathematically defined as:

∆ID
ID

=

∞∫
−∞

δID
ID

f(
δID
ID

)d
δID
ID

(14)

After applying our f(δID/ID) given by equations
(7) and (9) for triode and saturation FGMOSFETs,
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to equation (14), ∆ID/ID was found to be zero for
FGMOSFETs in both the triode and saturation re-
gions.

Moreover, the median value of ∆ID/ID, m can be
determined by solving the following equation:

∞∫
−∞

f(
δID
ID

)d
δID
ID

=
1

2
(15)

After applying equations (7) and (9), it was found
that m = 0 for the FGMOSFET in both regions.

Even though ∆ID/ID andm were found to be zero,
the variance of ∆ID/ID σ2

∆ID/ID
was not. The value

of σ2
∆ID/ID

can be mathematically defined as:

σ2
∆ID
ID

=

∞∫
−∞

(
δID
ID

− ∆ID
ID

)2

f(
δID
ID

)d
δID
ID

(16)

By applying equations (7) and (9), σ2
∆ID/ID

of the

FGMOSFET in the triode and saturation regions can
be respectively determined as:

σ2
∆ID
ID

=
NsubWdepq

2

3WLC2
inv{θ[1−θ(

N∑
i=1

kiVi−VS−Vt)]−1

(17)

−VDS [(
N∑

i=1

kiVi−VS−Vt)VDS− 1
2V

2
DS ]−1}−2

σ2
∆ID
ID

=
NsubWdepq

2

3WLC2
inv{θ[1−θ(

N∑
i=1

kiVi−VS−Vt)]−1

(18)

−2(
N∑

i=1

kiVi−VS−Vt)
−1}

Since ∆ID/ID = 0, the second moment of

∆ID/ID, (∆ID/ID)2 is mathematically defined as:

(
∆ID
ID

)2 =

∞∫
−∞

(
δID
ID

)2f(
δID
ID

)d
ID
ID

(19)

and was been found to be equal to σ2
∆ID/ID

. Thus

(∆ID/ID)2 can also be given by equations (17) and
(18) for triode and saturation FGMOSFETs, respec-
tively.

Finally, the moment generating function of
∆ID/ID, M(u), is the summation of all moments of
∆ID/ID including the first and second ones [42]. It
is mathematically defined as:

M(u) =

∞∫
−∞

exp(u
δID
ID

)f(
δID
ID

)d
ID
ID

(20)

These can be respectively obtained for triode and
saturation FGMOSFETs by applying equations (7)

and (9) to (20) as follows:

M(u)=exp[
NsubWdepq

2

6WLC2
inv{θ[1−θ(

N∑
i=1

kiVi−VS−Vt)]−1

] (21)

−VDS [(
N∑

i=1
kiVi−VS−Vt)VDS− 1

2V
2
DS ]−1}−2

M(u)=exp[
NsubWdepq

2u2

6WLC2
inv{θ[1−θ(

N∑
i=1

kiVi−VS−Vt)]−1

] (22)

−2(
N∑

i=1

kiVi−VS−Vt)
−1}−2

From equations (17) and (18), it can be seen that:

σ2
∆ID/ID

α
1

WL
(23)

for both the triode and saturation region operated
FGMOSFETs. Thus, lowering the device area causes
an increased ∆ID as a penalty. This is an example of
the impact of ∆ID upon the design trade-offs involv-
ing FGMOSFETs. Using equationss (17) and (18),
the minimum value of WL, (WL)min which dictates
the minimum area of the transistor, can be obtained
for the triode and saturation FGMOSFETs as follows:

NsubWdepq
2{θ[1−θ(

N∑
i=1

kiVi−VS−Vt)
−1]

(WL)min =
−VDS [(

N∑
i=1

kiVi−VS−Vt)VDS− 1
2V

2
DS ]−1}−2

3C2
invσ

2
∆ID/ID,max

(24)

NsubWdepq
2{θ[1−θ(

N∑
i=1

kiVi−VS−Vt)
−1]

(WL)min=
−2(

N∑
i=1

kiVi−VS−Vt)
−1}−2

3WLC2
inv

σ2
∆ID/ID,max

(25)

where σ2
∆ID/ID,max

denotes the maximum accept-

able value of σ2
∆ID/ID

.

Since σ2
∆ID/ID

reflects the size of ∆ID/ID, the

statistical/variability aware design of any single FG-
MOSFET can be performed using the optimization
scheme with the following objective function:

min[σ2
∆ID/ID

] (26)

where either equation (17) or (18) must be used
according to the operating region of the FGMOSFET
under consideration.

5.2 The formulation of the useful probabilities
and objective functions

In order to do so, the cumulative distribution func-
tion of ∆ID/ID, F (δID/ID) and the survival func-
tion [43] of ∆ID/ID,S(δID/ID) must first be de-
rived. It can be seen that F (δID/ID) is equiva-
lent to the probability that ∆ID/ID ≤ δID/ID i.e.,
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Pr{∆ID/ID ≤ δID/ID}. This is also necessary for
determiningKS as shown in the previous section, and
can be obtained using our f(δID/ID) as in equation
(11). For a FGMOSFET in the triode and saturation
regions with an arbitrary value of N , F (δID/ID) can
be respectively given by applying equations (7) and
(9) to (11) without specifying N as follows:

F(
δID
ID

)= 1
2 [1+erf(

√
3WLCinv(δID/ID)

√
2NsubWdepq{θ[1−θ(

N∑
i=1

kiVi−VS−Vt)]
−1

)]

(27)

−VDS [(
N∑

i=1

kiVi−VS−Vt)VDS− 1
2V

2
DS ]−1}

F(
δID
ID

)= 1
2 [1+erf(

√
3WLCinv(δID/ID)

√
2NsubWdepq{θ[1−θ(

N∑
i=1

kiVi−VS−Vt)]
−1

)]

(28)

−2(
N∑

i=1
kiVi−VS−Vt)

−1}

where erf() denotes the error function and can be
mathematically defined in terms of an arbitrary vari-
able, y, as:

erf(y) =
2√
π

∫ y

0

exp(−u2)du (29)

Alternatively, S(δID/ID), which is equivalent
to the probability that ∆ID/ID > δID/ID, i.e.,
Pr{∆ID/ID > δID/ID}, can be mathematically de-
fined as:

S(
δID
ID

) =

∞∫
δID/ID

f(x)dx (30)

Thus, S(δID/ID) of a FGMOSFET in the triode
and saturation regions can be found by respectively
applying equations (7) and (9) to (30) as given by
equations (31) and (32). Then, the useful probabili-
ties and objective functions can be derived and used
for statistical/variability aware analysis and design
involving FGMOSFETs:

S(
δID
ID

)=1− 1
2 [1+erf(

√
3WLCinv(δID/ID)

√
2NsubWdepq{θ[1−θ(

N∑
i=1

kiVi−VS−Vt)]
−1

)]

(31)

−VDS [(
N∑

i=1

kiVi−VS−Vt)VDS− 1
2V

2
DS ]−1}

S(
δID
ID

)=1− 1
2 [1+erf(

√
3WLCinv(δID/ID)

√
2NsubWdepq{θ[1−θ(

N∑
i=1

kiVi−VS−Vt)]
−1

)]

(32)

−2(
N∑

i=1
kiVi−VS−Vt)

−1}

Firstly, it will be shown that the probability that
∆ID/ID, which is a continuous random variable, lies

within a certain range given as [a, b] and can be de-
rived using F (δID/ID). This probability is denoted
as Pr{a ≤ ∆ID/ID ≤ b}, and can be given in terms
of F (δID/ID) as:

Pr{a ≤ ∆ID
ID

≤ b} = F (b)− F (a) (33)

Thus, by applying equations (27) and (28) to (33),
Pr{a ≤ ID/ID ≤ b} of a FGMOSFET in the triode
and saturation regions can be respectively obtained
as follows:

Pr{a≤∆ID
ID

≤b}=1
2 [erf(

√
3WLCinvb

√
2NsubWdepq{θ[1−θ(

N∑
i=1

kiVi−VS−Vt)]
−1

)

(34)

−VDS [(
N∑

i=1
kiVi−VS−Vt)VDS− 1

2V
2
DS ]−1}

−erf(
√

3WLCinva

√
2NsubWdepq{θ[1−θ(

N∑
i=1

kiVi−VS−Vt)]
−1

)]

−VDS [(
N∑

i=1
kiVi−VS−Vt)VDS− 1

2V
2
DS ]−1}

Pr{a≤∆ID
ID

≤b}=1
2 [erf(

√
3WLCinvb

√
2NsubWdepq{θ[1−θ(

N∑
i=1

kiVi−VS−Vt)]
−1

)

(35)

−2(
N∑

i=1

kiVi−VS−Vt)
−1}

−erf(
√

3WLCinva

√
2NsubWdepq{θ[1−θ(

N∑
i=1

kiVi−VS−Vt)]
−1

)]

−2(
N∑

i=1

kiVi−VS−Vt)
−1}

It can be seen that Pr{a ≤ ∆ID/ID ≤ b}
can be directly used for predicting the probability
that ∆ID/ID lies within an arbitrary predetermined
range. Moreover, the probability that the magni-
tude of ∆ID/ID does not exceed the allowable maxi-
mum value, which the resulting variation in the per-
formance of FGMOSFET, can be determined using
Pr{a ≤ ∆ID/ID ≤ b}. This probability is obviously
useful in statistical/variability aware analysis and de-
sign involving FGMOSFETs.

To do so, we let the aforesaid maximum value
be |∆ID/ID|max. Thus such probability denoted
by Pr{|∆ID/ID| ≤ |∆ID/ID|max}, can be deter-
mined using Pr{a ≤ ∆ID/ID ≤ b} with a =
−|∆ID/ID|max and b = |∆ID/ID|max. This is be-
cause |∆ID/ID| ≤ |∆ID/ID|max is equivalent to
−|∆ID/ID|max ≤ ∆ID/ID ≤ |∆ID/ID|max. As a
result, Pr{|∆ID/ID| ≤ |∆ID/ID|max} of the triode
and saturation FGMOSFETs can be obtained using
equations (34) and (35) as follows:

Pr{
∣∣∣∆ID

ID

∣∣∣≤∣∣∣∆ID
ID

∣∣∣
max

}=1
2 [erf(

√
3WLCinv|∆ID/ID|max

√
2NsubWdepq{θ[1−θ(

N∑
i=1

kiVi−VS−Vt)]
−1

)

(36)
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−VDS [(
N∑

i=1

kiVi−VS−Vt)VDS− 1
2V

2
DS ]−1}

−erf(
√

3WLCinv|∆ID/ID|max

√
2NsubWdepq{θ[1−θ(

N∑
i=1

kiVi−VS−Vt)]
−1

)]

−VDS [(
N∑

i=1

kiVi−VS−Vt)VDS− 1
2V

2
DS ]−1}

Pr{
∣∣∣∆ID

ID

∣∣∣≤∣∣∣∆ID
ID

∣∣∣
max

}=1
2 [erf(

√
3WLCinv|∆ID/ID|max

√
2NsubWdepq{θ[1−θ(

N∑
i=1

kiVi−VS−Vt)]
−1

)

(37)

−2(
N∑

i=1
kiVi−VS−Vt)

−1}−2

−erf(
√

3WLCinv|∆ID/ID|max

√
2NsubWdepq{θ[1−θ(

N∑
i=1

kiVi−VS−Vt)]
−1

)]

−2(
N∑

i=1

kiVi−VS−Vt)
−1}−2

Since maximizing Pr{|∆ID/ID| ≤ |∆ID/ID|max}
yields the greatest likelihood of obtaining an accept-
able magnitude of ∆ID/ID, which is a goal of the
statistical/variability aware design, the following ob-
jective function was found useful:

max[Pr{|∆ID/ID| ≤ |∆ID/ID|max}] (38)

From equations (36) and (37), it can be seen that
(38) can be satisfied for a FGMOSFET in both oper-
ating regions using the optimum values of controllable
parameters, such as W , L and VS .

Contrary to Pr{a ≤ ∆ID/ID ≤ b}, the probability
that ∆ID/ID lies outside [a, b] i.e., Pr{(∆ID/ID <
a) ∨ (∆ID/ID < b)}, can be obtained using
S(δID/ID)as:

Pr{(∆ID
ID

< a)∨(
∆ID
ID

< b)} = 1+S(b)−S(a) (39)

Thus, applying equations (31) and (32) to (39),
Pr{(∆ID/ID < a)∨ (∆ID/ID < b)} of the triode and
saturation FGMOSFETs can be respectively given
by equationss (40) and (41). Using Pr{(∆ID/ID <
a) ∨ (∆ID/ID < b)} with a = −|∆ID/ID|max and
b = |∆ID/ID|max, the probability that |∆ID/ID| >
|∆ID/ID|max i.e., Pr{|∆ID/ID| > |∆ID/ID|max},
can be obtained. This is because |∆ID/ID| >
|∆ID/ID|max is equivalent to the union of ∆ID/ID <
−|∆ID/ID|max and ∆ID/ID > |∆ID/ID|max, which
are mutually exclusive events.

Pr{(∆ID
ID

<a)∨(
∆ID
ID

<b)}

=1− 1
2 [erf(

√
3WLCinvb

√
2NsubWdepq{θ[1−θ(

N∑
i=1

kiVi−VS−Vt)]
−1

)

−VDS [(
N∑

i=1

kiVi−VS−Vt)VDS− 1
2V

2
DS ]−1}

−erf(
√

3WLCinva

√
2NsubWdepq{θ[1−θ(

N∑
i=1

kiVi−VS−Vt)]
−1

)]

−VDS [(
N∑

i=1
kiVi−VS−Vt)VDS− 1

2V
2
DS ]−1}

(40)

Pr{(∆ID
ID

<a)∨(∆ID
ID

>b)}=1− 1
2
[erf(

√
3WLCinvb

√
2NsubWdepq{θ[1−θ(

N∑
i=1

kiVi−VS−Vt)]
−1

)

(41)

−2(
N∑

i=1

kiVi−VS−Vt)
−1}

−erf(
√

3WLCinva

√
2NsubWdepq{θ[1−θ(

N∑
i=1

kiVi−VS−Vt)]
−1

)]

−2(
N∑

i=1

kiVi−VS−Vt)
−1}

Therefore, Pr{|∆ID/ID| > |∆ID/ID|max} of the
triode and saturation FGMOSFETs can be given us-
ing equations (38) and (39) as follows:

Pr{
∣∣∣∆ID

ID

∣∣∣>∣∣∣∆ID
ID

∣∣∣
max

}

=1− 1
2 [erf(

√
3WLCinv|∆ID/ID|max

√
2NsubWdepq{θ[1−θ(

N∑
i=1

kiVi−VS−Vt)]
−1

)

−VDS [(
N∑

i=1

kiVi−VS−Vt)VDS− 1
2V

2
DS ]−1}

−erf(
√

3WLCinv|∆ID/ID|max

√
2NsubWdepq{θ[1−θ(

N∑
i=1

kiVi−VS−Vt)]
−1

)]

−VDS [(
N∑

i=1

kiVi−VS−Vt)VDS− 1
2V

2
DS ]−1}

(42)

Pr{
∣∣∣∣∆ID
ID

∣∣∣∣≤∣∣∣∣∆ID
ID

∣∣∣∣
max

}=1− 1
2
[erf(

√
3WLCinv|∆ID/ID|max

√
2NsubWdepq{θ[1−θ(

N∑
i=1

kiVi−VS−Vt)]
−1

)

(43)

−2(
N∑

i=1
kiVi−VS−Vt)

−1}−2

−erf(
√

3WLCinv|∆ID/ID|max

√
2NsubWdepq{θ[1−θ(

N∑
i=1

kiVi−VS−Vt)]
−1

)]

−2(
N∑

i=1

kiVi−VS−Vt)
−1}−2

The greatest probability of obtaining an accept-
able magnitude of ∆ID/ID can be alternatively deter-
mined by minimizing Pr{|∆ID/ID| > |∆ID/ID|max}.
So, the following objective function can also be satis-
fied for both the triode and saturation FGMOSFETs
using the optimum settings of controllable parame-
ters. The following has been found useful:

min[Pr{|∆ID/ID| > |∆ID/ID|max}] (44)

Finally, the probability of the occurrence of ∆ID
will be determined. Since the occurrence of ∆ID
yields |∆ID/ID| > 0, this probability is equal to the
probability that |∆ID/ID| > 0 i.e., Pr{∆ID/ID >
0}. As |∆ID/ID| > 0 is equivalent to the union of
∆ID/ID < 0 and ∆ID/ID < 0, which are mutually
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exclusive events, Pr{|∆ID/ID| > 0} can be deter-
mined using with a = b = 0. As a result, it was
found by using equations (40) and (41) with a = b
= 0, that Pr{∆ID/ID > 0} = 1 for both the triode
and saturation FGMOSFETs. This means that the
probability of the occurrence of ∆ID is equal to 1 for
a FGMOSFET in both operating regions. Thus, the
occurrence of ∆ID is absolutely certain. This em-
phasizes the necessity of our work and focuses on the
certainly of ∆ID.

5.3 Analytical probabilistic modelling of the
FGMOSFET based circuit

Using our f(δID/ID), the analytical probabilistic
modelling of a FGMOSFET based circuit is possible.
This is because the key parameter of such a circuit
depends upon the ID values intrinsic to this FGMOS-
FET. Here, we let this parameter and its variation
be respectively represented as X and ∆X. Thus, the
analytical probabilistic modelling of a FGMOSFET
based circuit can be conveniently performed by de-
termining the probability density function of the nor-
malized value of ∆X with respected to X, ∆X/X,
i.e., g(∆X/X), where δX/X is the sample variable of
∆X/X. To obtain g(∆X/X), the principle of trans-
formation of random variables [42] must be applied.
If we assume that a single FGMOSFET in the circuit
affects X, g(∆X/X) can be given as [34]:

g(
δX

X
)=f(

δID
ID

(
δX

X
))

[[∣∣∣∣∂(δID/ID)

∂(δX/X)

∣∣∣∣]∣∣∣∣
δID
ID

→ δID
ID

(δXX )

]−1

(45)

With the resulting g(δX/X), the statistical param-
eters of ∆X/X and probabilities needed for statisti-
cal/variability aware design can be analytically de-
termined in a similar manner to those of ∆ID/ID.
Thus, for example, the mean, variance, second mo-
ment of ∆X/X and the probability that the mag-
nitude of ∆X/X does not exceed its maximum al-
lowable value, |∆X/X|max, can be respectively given
using the following equations:

∆X

X
=

∞∫
∞

δX

X
f(

δX

X
)d

δX

X
(46)

σ2
∆X
X

=

∞∫
∞

(
δX

X
− δX

X

)2

f(
δX

X
)d

δX

X
(47)

(
∆X

X
)2 =

∞∫
−∞

(
δX

X
)2f(

δX

X
)d(

δX

X
) (48)

Pr{
∣∣∣∣∆X

X

∣∣∣∣≤ ∣∣∣∣∆X

X

∣∣∣∣
max

}=G(

∣∣∣∣∆X

X

∣∣∣∣
max

)−G(−
∣∣∣∣∆X

X

∣∣∣∣
max

)

(49)

where G(|∆X/X|max) and G(−|∆X/X|max) are
respectively the cumulative distribution function
of ∆X/X denoted by G(δX/X) with δX/X =
|∆X/X|max and δX/X = −|∆X/X|max · G(δX/X)
can be generally given by:

G(
δX

X
) =

δX/X∫
−∞

g(x)dx (50)

As a case study using a practical FGMOSFET
based circuit, we let X be the transconductance, Gm,
of a FGMOSFET based voltage to current converter
(VIC) [44]. The core circuit of this VIC is depicted
in Fig. 8 [34], where M1 is a FGMOSFET and has
been drawn in its equivalent circuit form.

Since M1, which operates in the saturation region,
affects the performance of this FGMOSFET based
VIC, Gm is equal to the transconductance of M1 and
can be given in term its ID value, i.e., ID1, by equa-
tion (51). It can be seen that Cf and Cin, which act
as the feedback and input capacitances, are actually
the coupling capacitances of M1. As this FGMOS-
FET has two inputs and its source terminal has been
grounded, ID1 can be given in terms of Cf and Cin

by equation (52). Thus, the normalized random vari-
ation in Gm, ∆Gm/Gm, can be formulated in terms
of ∆ID1/ID1 as given by equation (53). It should be
noted that the short channel effects have been taken
into account in the formulation of these equations.

Fig.8: The core circuit of FGMOSFET based VIC
[34].

Gm=
Cin

Cin+Cf
{2( CinVin

Cin+Cf
+

CfVf

Cin+Cf
−Vt)

−1

−θ[1−θ(
CinVin

Cin+Cf
+

CfVf

Cin+Cf
−Vt)]

−1}ID1

(51)
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ID1=
µ

2
Cox

W

L
[1−θ(

CinVin

Cin+Cf
+

CfVf

Cin+Cf
− Vt)]

×(
CinVin

Cin+Cf
+

CfVf

Cin+Cf
− Vt)

2(1+λVDS)

(52)

∆Gm

Gm
=

∆ID1

ID1
(53)

As a result, the probability density function of
∆Gm/Gm, g(δGm/Gm) can be analytically deter-
mined using our f(δID/ID) derived of the satura-
tion FGMOSFET, i.e., equations (9), with N =
2, (45) and (53) as given by equation (54), where
δGm/Gm is the sample variance of ∆Gm/Gm. Us-
ing g(δGm/Gm), the useful statistical parameters of
∆Gm/Gm and probabilities can be analytically ob-
tained. As an example, the variance of ∆Gm/Gm,
σ2
∆Gm/Gm

, which was analytically determined using

equation (47) with ∆Gm/Gm and g(δGm/Gm), serve
as ∆X/X and g(δX/X), respectively, in this practi-
cal case study. They can be obtained as given by
equation (55). Similar to equations (51)-(55), the
short channel effects were included in the derivation
of equations (54) and (55).

g( δGm
Gm

)=
(Cinv/q)

√
3WL/2πNsubWdep

{θ[1−θ(
CinVin
Cin+Cf

+
CfVf

Cin+Cf
−Vt)]

−1

−2(
CinVin
Cin+Cf

+
CfVf

Cin+Cf
−Vt)

−1} (54)

×exp[
3WL(CinvδGm/Gm)2

2NsubWdepq2{θ[1−θ(
CinVin
Cin+Cf

+
CfVf

Cin+Cf
−Vt)]

−1
]

−2(
CinVin
Cin+Cf

+
CfVf

Cin+Cf
−Vt)

−1}−2

σ2
∆Gm
Gm

=
NsubWdepq

2

3WLC2
inv{θ[1−θ(

CinVin
Cin+Cf

+
CfVf

Cin+Cf
−Vt)]−1

(55)

−2(
CinVin
Cin+Cf

+
CfVf

Cin+Cf
−Vt)

−1}−2

5.4 Computationally efficient statistical/vari-
ability aware simulation of FGMOSFET
based circuit

The statistical parameters of ∆X/X must be eval-
uated numerically without predetermining g(δX/X).
Among these parameters, σ2

∆X/X has been often cited

as it directly measures the magnitude of variability in
X. Traditionally, numerical determination of σ2

∆X/X

must be performed using a Monte-Carlo simulation
with numerous runs, numbering hundreds or thou-
sands of runs.

Fortunately, determination of σ2
∆X/X in the small

signal analysis [45] based simulation, where the re-
quired computational cost is significantly lower than
that of a conventional Monte-Carlo simulation, be-
comes possible using our f(δID/ID). This is be-
cause σ2

∆ID/ID
values are necessary inputs and can

be known in advance via applying f(δID/ID) as dis-
cussed in the previous subsection. If we let the FG-
MOSFET based circuit under consideration be com-
posed of M FGMOSFETs, σ2

∆X/X can be numerically

determined using the following equation:

σ2
∆X
X

=
M∑

m=1

[

(
IDm

X
SX
IDm

)2

σ2
∆IDm
IDm

] (56)

where IDm, SX
IDm

and σ2
∆IDm/IDm

denote the ideal

drain current of an arbitrary mth FGMOSFET in
the circuit in which all nonidealities have been ne-
glected and the sensitivity of X with respect to IDm.
Moreover, σ2

∆IDm/IDm
stands for σ2

∆ID/ID
of the mth

FGMOSFET. It is notable that there exists no cor-
relation terms in relationship (56). This is because
∆IDm/IDm values are random variations that exhibit
no spatial correlations [37]. According to [45], SX

IDm

which quantitatively represents the degree of depen-
dency on IDm of X, can be mathematically defined
as follows:

SX
IDm

=
∂X

∂IDm
(57)

Since the whole set of SX
IDm

values can be obtained
using sensitivity analysis in which the circuit under
consideration requires only one calculation for its so-
lution [45], the computational effort can be signifi-
cantly reduced compared to a conventional Monte-
Carlo simulation. Finally, since σ2

∆X/X reflects the

magnitude of variability in X, the following objec-
tive function can be satisfied using the optimum con-
trollable parameters of the FGMOSFETs within the
circuit.

min[σ2
∆X/X ] (58)

6. CONCLUSIONS

In this research, an analytical probabilistic mod-
elling of ∆ID of a FGMOSFET caused by manufac-
turing process variations has been proposed. The
resulting models are in terms of a probability den-
sity function of ∆ID/ID. Unlike [34], both the triode
and saturation region operated FGMOSFETs were
considered and the short channel effects taken into
account. The resulting models have been found to
be very accurate as they can fit the probabilistic
distributions of ∆ID/ID obtained from Monte-Carlo
SPICE simulations of the 0.25 µm level BSIM3v3
based candidate triode and saturation FGMOSFETs
with very high accuracy. It was found that the vari-
ation of a saturation FGMOSFET is more severe.
Moreover, the KS-tests were satisfied at a 99% confi-
dence level. It was found that our resulting model for
the saturation FGMOSFET was more accurate than
those previously proposed [34].

Unlike the previous variance term models [33], sta-
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tistical parameters and probabilities associated with
∆ID can be formulated for both the triode and satu-
ration region operated FGMOSFETs using our re-
sults. With such parameters and probabilities, it
was found that the occurrence of ∆ID is absolutely
certain, which highlights the necessity of our work.
Moreover, the impact of ∆ID upon the design trade-
offs associated with FGMOSFETs can be studied.
Many objective functions that are conducive to the
statistical/variability aware analysis and design, can
be derived. Analytical probabilistic modelling and re-
duced computational effort for statistical/variability
aware simulation of the FGMOSFET associated cir-
cuit can also be performed. Therefore our proposed
probabilistic modelling of a FGMOSFET has been
found to be useful for statistical/variability aware
analysis and design of various FGMOSFET based cir-
cuits and systems. These have applications in many
areas, e.g., signal processing [2], [3] dosimetry sys-
tems, [5], [6], biomedical engineering [7] and neural
networks [21], [31], among others.
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